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Question7:

1. Question 7

Question 7 should be solved by hand in paper, and solutions should be
uploaded here with a singled combined pdf.

a) In a predator-prey system, the number of preys P (t) and predators
K(t) will change over time t according to the following ODE system,

Ṗ = rP − dPK, K̇ = gPK − δK,

where r, d, g and δ are parameters not variables. Here, r is the growth
rate of the preys P (t) , d is the death rate of the preys due to predation,
g is the growth rate of the predator due to predation and δ is the death
rate of the predator K(t).

Identify the dependent and independent variables in this ODE system.
Compute all equilibria of this ODE system and explain the meaning of
these equilibria. (10 marks)

b) Linearise the ODE system,

ẏ1 = (y1y2 − 2)y2, ẏ2 = y1 − y2.

around the equilibrium when y1 = 0. Calculate the corresponding
eigenvalues and eigenvectors of this linearised system. Determine the
type of this equilibrium when y1 = 0 (stable node sink, unstable node
source,saddle, center, stable spiral, or unstable spiral) and sketch its
phase portrait. (20 marks)
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Exam Solution 7b

b) Consider a system of two first-order ODEs,

ẏ1 = (y1y2 − 2)y2, ẏ2 = y1 − y2.

Linearise the above ODE system around the equilibrium when y1 = 0. Calculate the
corresponding eigenvalues and eigenvectors of this linearised system. Determine the type
of this equilibrium when y1 = 0 (stable node sink, unstable node source,saddle, center,
stable spiral, or unstable spiral) and sketch its phase portrait. (20 marks)

Solution. The equilibrium with y1 = 0 is at (0, 0) (1 mark). To linearize around this point,
we need to evaluate ∂f1

∂y1
, ∂f1
∂y2
, ∂f2
∂y1
, ∂y2
∂y2

at the point of equilibrium, where f1 = (y1y2 − 2)y2
and f2 = y1 − y2. We obtain

∂f1
∂y1

= y22|y1=0,y2=0 = 0,
∂f1
∂y2

= 2y1y2 − 2|y1=0,y2=0 = −2,

∂f2
∂y1

= 1|y1=0,y2=0 = 1,
∂f2
∂y2

= −1|y1=0,y2=0 = −1 (4 marks).

Thus, we have the linearized system as

ẏ1 = −2y2, ẏ2 = y1 − y2,
(
ẏ1
ẏ2

)
=

(
0 −2
1 −1

)(
y1
y2

)
.

The characteristic equation is given by (0 − λ)(−1 − λ) + 2 = λ2 + λ + 2 = 0 with the

two complex roots of the opposite sign λ1,2 = −1
2
±
√
7
2
i (2 marks). As the eigenvalues

are complex numbers with a negative real part, this equilibrium corresponds to a stable
spiral, where trajectories spiral in towards it over time (2 marks). We could directly sketch
its phase portraits as
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. (5 marks)

The eigenvector corresponding to λ1 = −1
2

+
√
7
2
i can be found from(

0 −2
1 −1

)(
p1
q1

)
= (−1

2
+

√
7

2
i)

(
p1
q1

)
, ⇒ −2q1 = −p1

2
+

√
7p1
2

i

1



or equivalently p1 = q1
2

+
√
7q1
2
i (2 mark).

so that the eigenvector can be chosen as u1 =

(
1

1
4
−
√
7
4
i

)
by setting p1 = 1(2 mark) (or

equivalently u1 =

(
1
2

+
√
7
2
i

1

)
by setting q1 = 1). Similarly, we have the eigenvector for

λ2 = −frac12−
√
7
2
i, u2 =

(
1

1
4

+
√
7
4
i

)
or u2 =

(
1
2
−
√
7
2
i

1

)
(2 mark).

Note you can also sketch the phase portrait based on the general solution as(
y1
y2

)
= C1e

(− 1
2
+

√
7

2
i)t

(
1

1
4
−
√
7
4
i

)
+ C2e

(− 1
2
−

√
7

2
i)t

(
1

1
4

+
√
7
4
i

)
.
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