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I. Practice Problems

A.. Determine the general solutions of the following homogeneous linear differential equations.
For each solution fix the constant of integration according to the given initial condition.

1) v = —zy, y(0) = —2: H(y f % — In|y|, so H*(u) = +e* and on the right-
hand side [(—xz)dr = —% + C. The general solution is y(z) = H! (—% + C) =

M

22
+e=77¢ = De~7 with D = 4¢°. The initial condition is y(0) = D = —2.

2) vy = xcos(z)y, y(0) = 1: H(y) = f‘;—y = Inly|, so H '(u) = +e* and on the
right-hand side [« cosz dx = xsinz+ cosz+ C (integrating by parts). The general
solution is y(z) = H™! (zsinz + cosz + C) = fersnateosetC — fevsineteose Thg
initial condition is y(0) = De' = 1, hence D = e~ .

3) v = —y/(1+x), y0) = —1: H(y fdy = Inly|, so H'(u) = £e* and on
the right-hand side — ;cdf1 = —In ]1 + x| + C . The general solution is y(z) =
Hl(—lnjz+1]+C) = —11—1| e = Lo The initial condition is y(0) = D/1 = —
hence D = —1.

4) v = y/(4 —2%), y(0) = 1: H(y) = f% = Inly|, so H'(u) = +e* and on the
right-hand side

dx 1 de 1 dx 12 + |
/4—x2 4/2—x+4/2+x n| xH— nj2+el+e = |2—:1:|+O

The general solution is

(1 242 inl2tzl o 12+ 2|\
=H'(-Int—"+C | =+et =D
o) =17 (g ) = e 24l

with D = 4¢®. The initial condition y(0) = 1 gives D = 1.

5) v = y/(2* + 2z + 2), y(0) = 2: H(y) = f% = Inly|, so H '(u) = +e* and
on the right-hand side [ %— = [ u;{% = arctan (z + 1) + C.The general
solution is y(x) = H~! (arctan (z + 1) + C) = Detn @+ The initial condition is
y(0) = Detetanl — Dem/4 = 2 hence D = 2e /4.



Note: All of the above ODEs are separable.

B. Solve the initial value problems associated with the following inhomogeneous linear diffe-
rential equations.

1)

2)

Yy = yl‘gfjg +a? 425 x> —1, y(0) = —1: First we solve the homogeneous equation

y = y1+x3 by separating Varlables We have H (y f W — Inly|, H ' (u) = de*

and on the right-hand side | ; +x3 dr = f:ﬂ dx =In (x + 1) + C. The general

solution is y(x) = H™'(In (23 4+ 1)+C) = £ @*+D+C = D(2341), 2 > —1. We look
for a solution to the inhomogeneous equation in the form of y(z) = D(z)(z* +1) so
2

that differentiation gives y' = D'(2*+1)+32°D(z) = D'(2*+1)+y {%5. Comparing
this with the right-hand side of the inhomogeneous equation leads to
2 | .5 3
+x x
D@ +1)=a’+2°, = D =< — 4%, D(z)==+C
(8 +1) = 2 + 0%, 2 D=

so that the general solution to the inhomogeneous equation is given by y(z) =

(% + C)(z® +1). Then y(0) = C' = —1 and finally y(z) = (m—; - 1) (23 +1).

Yy = —ytanz + cosz, —m/2 < x < 7/2, y(0) = 2: The general solution to the
homogeneous equation y’ = —ytanz can be obtained by separation of variables.
H(y) = Inly|, hence H '(u) = =£e*, and on the right-hand side — [tanzdr =
In|cosz| + C. This gives y = :telrl'cos‘”‘*C Dcosz ,—7m/2 < x < 7/2, so we look
for the solution to the inhomogeneous equation in the form y(x) = D(x) cos z which
givesy' = D' cosx—Dsinx = D' cosx—D tan x cosx = D' cos x—y tan x. Comparing
to the right-hand side of the inhomogeneous equation gives D' cosx = cosx, then
D'=1and D(z) =2+ C. Thus y(z) = (x + C) cos z, which implies y(0) = C = 2.

Note: These ODE’s are not separable, and one has to employ the variation of parameter
method.

C. Determine the general solutions of the following inhomogeneous linear differential equations
and solve the associated initial value problem.

1)

2)

y' =3y + 5, y(0) = —2: Separating variables we have on the left-hand side H(y) =

% = +1In[3y + 5| so that H(y) = 5 In |3y + 5| = uissolved as y = 5 (£ — 5) =
H~'(u). On the right-hand side [ dz = 2z + C. The general solution is y(z) =
H ™' (z+C) =1 (£ —5) = L(De** — 5) with D = £¢*°. The initial conditi-

on is y(0) = 222 = —2 which gives D = —1 and finally y(z) = —$(e3* +5)

y = —2xy + 2z, y(0) = 0: We rewrite the ODE as y = —2x(y — 1) and sepa-
rating variables we have on the left-hand side H(y f dy = In|y — 1| so that
H(y) = Inly — 1] = u is solved as y = (Fe" + 1) H- ( ) On the right-hand
side [(—2z)dz + C = —a* + C. The general solution is y(z) = H ' (—2* 4+ C) =

<ie‘x2+c + 1) — De ™ +1.y(0) =1+ D =0, hence D = —1 and the solution to
the initial value problem is y(z) = —e™*" + 1.



Note: Both ODEs above are separable, and it is easier to separate variables rather than
to employ the variation of parameter method.

D. Determine the general solutions to a linear inhomogeneous differential equation

, . 1+ a2
Y =152V V1 2

Solution: We employ the variation of parameter method. First we solve the homogeneous
equation y' = 355y by separating variables. H(y) = In|y|, hence H Y(u) = +e*, and
on the right-hand side [ {Z dz = §1In(1+2?) 4+ C. This gives y = +ez (142?40 —
D+/1 + 22. We look for a solution to the inhomogeneous equation in the form y(x) =

D(x)v/1+ 2% which gives
y/:D/ ll—f—l‘Q—'—y i

14 22
Comparing to the right-hand side of the inhomogeneous equation gives

DV = [

1 — 22

so that D' = \/11_? and

D(z) = /\/% = arcsinz + C
Thus finally y(x) = (arcsinz + C) v 1 + 22.

III. Method of Integrating Factors

A. A Walkthrough of the integrating factor method using the differential equation

dy 1 1

29 4 T = /3

w2V T

1) Use the variation of parameters method to solve the ODE with initial condition y(0) = 1.
Be sure to identify this particular integral curve when you draw the family of solutions

to the ODE in the x-y plane.
2) Multiplying the ODE by the function u(x) gives

dy 1 1 2/

wla) o+ uz)5y = ple)ge

Comparing the left hand side of this equations with the quantity

d du dy
o @)yl = oy + e
we see that the two expressions agree when fl—g = ,u(x)%



3) Complete the following sentence: A function f(x) whose derivative equals 1 times the
original function is given by f(z) = e*/2. (Can you justify your answer without using
separation of variables?)

4) Plugging in p(x) = Ce®? in the original ODE and simplifying gives the result

i [ea:/2y] _ 16538/6.

dx 2

Integrate both sides of this equation to find the general solution

3
y(x) = gex/‘s + Ce /2,

This solution should agree with the answer you found in the first question of this part,
up to addition by some constant. (If your answers are not equal, you need to identify
what the constant is!)

B. The Integrating Factor Method can be found in detail from the Reading List.



