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Growth matters

Anything that affects the long-run rate of economic growth will have huge
impacts on living standards in the long run.

Annual growth rate Increase in standard of living after
of income per capita

25 years 50 years 100 years

2.0% 64% 169.2%  624.5%
2.5% 85.4% 243.7%  1081.4%




Agenda

e The Solow model.

e Growth accounting (Live and TA sessions will explore this in detail).




Solow Model

» Production Function

>

>
>

>

Yp_- — AtF(Kt NI‘)
capital - stock variable (accumulated over time)

labour - flow variable (endowment of labour/time)
A; 1s exogenous productivity

F(} Is a function which relates K and N to Y

» Properties

>

>
>

Yy

F,p{ > 0 and F}{j{{_n
Fny >0 and Fyy < 0
Constant Returns to Scale (CRS). See seminar 4

> F(vKe,7Nt) = 7F(Ke, Ne)

F(Uq Nt) — U
F(thﬂ) —_— D
Example F(K:, N;) = KN, where 0 < a < 1



Solow Model

» Fie > 0and Frgr <0
» Fy >0and Fyy < 0

» How does output and MPK change, when capital changes,

holding N; and a fixed

HK, N} = K"N**, when N=0.13
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MPK, when N=0.33




Solow Model

> Firm

E'In':ﬁi ﬂf = AF(H][- Nt] — i'.u'th — RrHt

> w; Is real wage
> R;: Is return on capital

» FOCs

> W = AFN(H:. NI‘]
> Rf_— — AF}{(HJ-_- Nf_—)




Solow Model

» Households

» Earn income w:N; + R:K;
» Budget constraint:

Ce + I < welNy + R K + T,

» w:N: earning wages
> R:K: receiving rent from capital
» [1; receiving profit of the firm

» Firms earn zero profit under CRS (see Seminar 4 for proof)
» Then

Ce + Iy = welNy + R K,
Cr_— T .!fll_- — Yf_—




Solow Model

» Investment
» (Capital accumulation equation

Kir1 = I + (1 — fﬁ}Ht

> 4 is a depreciation rate




Solow Model

> |nvestment

» (Capital accumulation equation
Kiri1 = I+ (1 — ) K,

> 4 is a depreciation rate
P Assume that investment 1s a constant fraction of output

.F'lll_- = SFII_-

» Then consumption i1s a constant fraction of output too
» Combine I, = sY; and C; + [, = Y,

Cll_- = (1 — E)vp_—




Solow Model

» The Solow model is characterised by the following equations
all holding simultaneously:

Yt —_ ArF{Hr Nf)

Vi' — {:-[- —I_ l{f
Kf—|—1 — (1 - ‘ﬁ)Kf + I
]Jr — SY-[-

Rr — AFH(HI-. Nr_—)

» Endogenous variables - Yy, C;, I, Kiiq, ws and R;

» Exogenous variables - Ny, Ky and A, parameters s and w




Solow Model

» Combine the following three equations:

Yt — ArF(Hr Nf}
Kf—|—1 — (1 - é)n‘t{f —|— ..ff
l’r — SYf

» First, substitute the production function into the last

expression:
n't-[- — EA-[-F(KI-. Nr_—}

» Investment is a constant fraction s of output A:F(K:, Nt)

» Substitute the result into capital accumulation equation

Kf_|_1 — (1 - é)Kt —|— I-[-
K’[-_|_1 = (1 — &]Kt + SAfF(Kf. Nr]




Solow Model

» This equation describes the evolution of K;
Hf_|_1 = {1 — ﬁ)Kt —+ SAfF(Hf. Nr)

» Given K;, A¢, N;, s and 6 the equation describes how much
K¢, 1 the economy will have




Solow Model

» Lets rewrite this equation In terms of capital per work

Hr_|_1 = (1 — I‘S)Hf + SAI-F(HI-. N-[—)
Kti1 _ (1 -0)K: sAF(Ky, Ng)
Nt N¢ Nt

> Define k; = % as capital per worker

» Then Equation (1) becomes:

EA[-F( Kt.. Nr]
Nt

Hf—|—1
N

— (1_‘5}kf |



Solow Model

sA.F(K;, N,)

K
t+1 _ (1_"5}kt | y
L

N

» Recall the properties of the production function with CRS:

K: N;
FIKi;. N,) = F(—.,—) = F(k;, 1
(t f} (Ni— Nt (f )

F(K: Ne) 1
N N

» Denote F(k¢ 1) = f(k:) as per worker production function

> then:
Kt

Nt

= (1 — &) ke + sA:f(ke)




Solow Model

Kt
Nt

= (1 — 0)ks + sA¢f (k)

» Finally multiply the RHS by N;. 4

Kii1 Nesq
Nii1 Ng

= (1 — 8)ke + sA:F (ke)

» Assume that labour is constant N;.1/N; = 1, then

kf_|_'l = (]. — é)kr =I= SAtf(kf)




Solow Model

Capital accumulation equation in per worker terms:
kt_}_]_ — (1 — 6)kt —+ SAtf(kf)

The first derivative of ky+1 with respect to k;

8kt—|—1
Ok

= (1 —0) + sA:f (k)

Since (1 —§) > 0 and f'(k;) > 0 - the slope is positive

Since " (kt) < 0, sA¢f'(k:) gets smaller when capital
Increases

Assume Inada Conditions hold

lim f'(k) =0
k—00
lim (k) = o0

k—0



Solow Model

'["¢||.=k¢

kppr = SAF(k) + (1 — &)k,

=

Figure: Capital accumulation
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Solow Model

Kepr = kg

kepy = sAF (k) + (1 — 8)k,

Initial paint in period ¢ + 3

Initial paint in period ¢ + 2

Initial paint in period ¢ + 1

Initial point in period &

K ks kesz  Keva K

Figure: Capital accumulation



k-l:'i'j
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Solow Model

Figure: Convergence to Steady State
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