


⑤ Motivating example # 1 (Fourier)

The heat equation
%-•I
fq IN

UTCJI - temperature
'

-

•-
Hz

of the j -th piece at time tech,

-
§[EÉU+D+Lti-iD]Uta (j ) - Utcj ) =

temp . increment
at jitimet o<sect

what happens as t → •
?

• Ñt = f- Iu+cj ) is preserved
= Ño

• Ut- UT
1-→ a

Quantitative f-n : no# {ON
°
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Idea :
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'
&

"slow
" fluctuations .

~ + MD
↳ the more ↳ even out fast

time

Main trick : epcj ) = exp ( Iii ¥ ) .

PEZINZ

*
"

wave of wavelength Kp
"

* character prop . epcjthtepcj) . epcaj

Ex there are no other characters

e. 74µg → ¢✗

Claim ep form an orthogonal basis

cep.ee) = f- ÷Éepcj) qcjj = { 11 PM0 ,
otherwise .

Decompose : Ut = IÑ+lp) ep
w

Ñltcp) = f- § lltcjepj) =(U*ep) .

Plug this into our heat equation :

rhtlj -1-1 ) = 2- Ñtlp ) epcj -1-1)
j



Uta = 2-Ñulplepctl ) epcj )
jÉÉep =

"
= I I[Ñu-(p(epaH)+Ñup-D]

j - ep .

HPFYFEpl-ui.gs/=k-ju-Cp)fepHtepHl-2).#
ÑÉ=✓ Ñ++iP )

=ñtlp) -11 - sell - cos 2¥)]
|Utlp)=_1-xG_ws&"¥Dthtolp
* p-olitlol-uthtlol-U.co)
* Pto Hp) → o exponentially

take rate of exp decay is fester

for large p
the slowest one is P=l Card -1) .



tie-IN -_ ( 1- a A- cos 1) thou

v11 - a ;÷)t rich
~ expl - 2*µ÷t ) Awh) .

becomes small when TDN?

I let rhocjt. { N Jo0 j=0

d) for TICN
' maxthtcj)-11

← Ceapl -¥)
(a) for tE§Ñ ,

maxlutlj)-112£ .
✓

More realistically : continuous time
,

cont . space

(a) instead of 1- c- 2-1 te IR,

¥ Utlj )= ¥ [Ntljtl) +Utlj -11 - 2n+cj ))
£ develop this theory .



(b) continual space variables

¥:# =¥¥÷ OT
- Rte

"circular rod "

or |Ñt=¥U
-

Characters : eplx) =enp(2ñp✗)

pc-Znc-IT-a.IR/zepCxty)--epCx)Rply)

↳ CITY { f :1T→f : SHH 'dxco}

Claim ep form an orthonormal

basis of LII ) .

* cep.es> = fep ⇒ dx={? !p¥f
* linear Combs of ep are dense .

( Weierstrass → dense in CCIT))

Utah IÑtCp)ep
PER es Pulp)=( Ut , lp)



ep
"
(a) = -41-12 Rep e!É
ÉÉ
|Ut(p1=expf2Np2t#

Ñ.tk/--UtoCo ) t
Utca) = 2- iii. lpleplx) - ¥

= 2- expc - IMP 't ) ' Sho (g) epcyjdy .

= fdy ftp.expl-2#ep2t7epCx-yDlugG)zeplxepC-y)--eplx1eplgT
Denote |Ptl×1=-expfQipt)epp

htlx7= SP-tlx-DU.ly?dy--(Pt*hoKi,
* Easy : lit = Int

"

it > 0 .

* Easy : 1-→ • Utah

(Pt → e. =-D
too

* harder : Ut¥→W !



G- Pt =¥- Get

Magic
formals :

_
M÷÷YrI¥•gµ ,

↳ fractional part

A- { he { 1 , . . . .K } : { ha } c-I }
= III. K +i④ .

what about { lek } ? jfcuxh some .§¥§
theorem (Weyl ) off PGI is a pd . of

deg 21 ,
and it has at least I

can-out) irrational coefficient , then { pfh) }
is efuidistñbukd mod 1

# { h c- { i. . . . K1 : {Paid } c-53--11-1114
+ • ( K) .



µ - prob . measure a 1T

( µ-- So )

µt - shift of µ by t

Sf④dµt↳= fflxttldpicx

(8)t = St

Tkµ=¥(µ+µxtµat-.tMk+
if this measure is just

µ )(II. ÷ # { IEKEK :{Katt } .

We expect . They %
"
uniform

k→• measure

[ reminder , uh Fly u
tf tf c- Cat ) ffdvn→ ffdv] .

bin ep are dense in CAT)
Combs

g Saff : fepdvn → fepdv (Hp )



✓ (p) =fe-pdv-fexpl-Qnipxdvfdmescpt-fepwdx-fdp.to
0 otherwise

INn-VKV-p-tovpf.IT#fupfIk1t-f0k-keK-f:fka3fI}/k
= ⇐ ¥1.8M '

Ñklp) = ¥ e-plea )
k=O

- ¥ -2 enpl - Iiiiphx )

= feapt2ñKp → o

k ÷for any
How to bound

sup { flunky- III / : I - internal }



Clear : I ¥ trope : 2 is not

well -approx

we set E. ¥,
Tfm ( Endo's -Turin)
let µ he a probability measure alt

then for any
NZL

µ

¥1m" - Hi / ⇐ can -1¥ "ñp¥}.
How to apply this ?

-

assume : ✗ is of
"

type +
"

( distlps , 2) I allplt
* for x-D this holds with c- =L

* for typical ✗ this holds with take

waive_[Ñ¥pI ④
F'

← ¥"¥he*¥ ' f-④



If - eP4 I distcpa, 2) z ÷,
④€¥¥p¥£ at ' Nt
Endo's

'

-Tunein :

Ap / pencil- III / € (ft Nk÷)
quote : In =YEN

=

cakit-syplmti-l-H-llt.at#---i-tHhhk-%)
Now to bound

§ Ñk¥l more carefully ?



N = 2M-1

④ IM 1kg1 ←

gin ,
**: -1¥?⇐•¥

m-4

1µ^ncñl£¥+p5 '

Clear: tf Im
-'
← ps In-1

dostlps , 2) zap
-i

7- a 2-
Mt

.

assume : disHpxP-&?
Waste

diotlcp-p.la/I)E&mla---a1p-pF-i-



lp-pYz2m_
The number of such p 's which

he in [2*1,24]
☐ £242m - ex +1 £ 2%+1
M

④ = ¥5m É Hink
pam ,

P

←k¥£É . 2¥ -11

e= ,
2ha -

A- offs

for which
zeta

Mgmt hit drstlpa ,
2)⇐

gmt
⇐¥a¥£ . -221+4

¥t=¥ is hi

if t> 1 this is 41

I



¥ - ¥2" "-11 . {
1 i

m
e- =L

MYKA ,
F- I

⇐ { gmmii-iyka.tl .

s { login/ka
t -4

N
"

/ka i > 1 .

EI :

sup 1µm-4-11 E
E { I +

bike c-= , /
N"/ka t > I

± { losiklk ,
1--4

YKYT I > 1 .

Known : for V2 the true

order of magnitude is log 14K
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