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1. Show that the Levi-Civita connection is characterised in a unique manner by the conditions:

(a) ∇a∇bφ = ∇b∇aφ (torsion-freeness);

(b) ∇agbc = 0 (metric compatibility).

2. Show that from the rule for the covariant derivative of a vector va in local coordinates

∇µvν = ∂µv
ν + Γνλµv

λ,

and the assumptions that ∇a satisfies the Leibinitz rule and that ∇µφ = ∂µφ with φ as
scalar field, it follows that

∇µων = ∂µων − Γλνµωλ,

where ωµ are the components of a covector ωa in local coordinates.

3. Let Rabcd denote the Riemann tensor of the Levi-Civita connection ∇a and let va be an
arbitrary vector. Show that from

∇a∇bvc −∇b∇avc = Rcdabv
d

it follows that for a covector ωa one has that

∇a∇bωc −∇b∇aωc = −Rdcabωd.

Hint: compute the commutator of ωcv
c.

4. Given the Riemann tensor of the Levi-Civita connection ∇a, show that the symmetry

Rabcd = Rcdab

follows from the symmetries

Rabcd = −Rbacd = −Rabdc, Rabcd +Racdb +Radbc = 0.

5. Show that for the Levi-Civita connection of a metric gab the second Bianchi identity implies
that

∇a(Rab − 1
2Rgab) = 0.

That is, show that the Einstein tensor is divergence-free.

∗E-mail address: j.a.valiente-kroon@qmul.ac.uk

1



6. Show that the expression

LvTµλρ = vσ∂σT
µ
λρ − ∂σvµTσλρ + ∂λv

σTµσρ + ∂ρv
σTµλσ,

for the Lie derivative of a (1, 2)-tensor can be rewritten as

LvTµλρ = vσ∇σTµλρ −∇σvµTσλρ +∇λvσTµσρ +∇ρvσTµλσ,

where ∇µ denotes the expression of the covariant derivative ∇a in local coordinates. Use
this expression to conclude that LvTµλρ corresponds to the expression in local coordinates
of a tensor LvT abc.

7. Let ξa denote a vector field over a manifold M. Show that Lξgab = 0 implies the Killing
equation

∇aξb +∇bξa = 0.

8. Show that the vacuum Einstein field equation

Rab − 1
2Rgab + λgab = 0

can be rewritten as
Rab = λgab.

9. Show that if Rab = 0 then a Killing vector satisfies the wave equation

�ξa = 0.

10. Use the identity ∂c
√
−det g = 1

2

√
−det ggab∂cgab to show that the wave equation �φ = 0

can be rewritten as

�φ =
1√
−det g

∂µ
Ä√
−det g gµν∂νφ

ä
.
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