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Network Ensemble

Definition (for simple networks)

A network ensemble € is a triple (G,Q4; P(G)) where G

IS any possible network G =(£.V) belonging to the set of all
simple networks with N nodes @; and PG) >0 with ), P(G) =1
is the probability associate to each graph G &l

Generalization

The definition can be extended to non simple networks such
as directed, weighted networks and also to generalised
network structures by suitably changing the definition of



Entropy of network
ensembles
Definition

The entropy of a network ensemble is given by

S=- ) P(G)P@G)
GeQ,

It can be thought as the logarithm of the typical number of
networks in the ensemble.

Here we have chosen the natural logarithm for simplicity



Constraints

We distinguish between soft constraints and hard constraints.

The soft constraints are the constraints satisfied in average
over the ensemble of networks.

2 F(G)PG)=C,for y=12...,P
GeQg;

The hard constraints are the constraints satisfied by each
network in the ensemble.

F(G)=C, forpu=12..,P

Anand Bianconi 2009



Examples of hard
constraints

e Example 2: We can fix the entire degree sequence

N N
Z a; k;fori=1.2,..., » F(G) = Z a;
J=1 j=1



Examples of soft
constraints

> [Z a,.j] PG)=L
GeQ, \ i</

e Example 2: We can fix the expected degree sequence

F(G) = ij
Y Za P(G)=k fori=12,.. » Z}a]
GeQ; \ j=1

=



Canonical and microcanical
ensembles

* The microcanonical ensemble is the maximum entropy
ensemble satisfying a given set of hard constraints of the

type
F(G)=C,foru=12...,P

* The canonical ensemble is the maximum entropy ensemble
satisfying a given set of soft constraints of the type

Y F(GPG)=C,for y=12....P
GeQ,

Anand Bianconi 2009



Conjugated ensembles

A microcanonical ensemble and a canonical ensemble
are conjugated
when they satisfy corresponding constraints,

l.e. when they satisfy

F(G)=C,foru=12...,P

Z F(GP(G)=C, for uy=12...,P
GeQg

with the same choice of F(G) and €, respectively.



Canonical network
ensemble

Proposition

The canonical ensemble satisfying the set of soft constraints

is determined by a probability given b

L _s* ) F @)

u=1"H K

P

where Z is a normalisation constant H(G) = Z A,F(G) s called the Hamiltonian
u=1

and the Lagrangian multipliers 4,are fixed by the constraints.

For this reason the canonical network ensembles are also called exponential
random graphs



Log-likelihood

Consider a network G coming from an unknown network ensemble F(G)
We assume that the unknown distribution of the ensemble is coming from an
ensemble with distribution £7(G) dependent on the parameters P
Definition

The log-likelihood of a parameters 7 is defined as

Z(X|G) = —InP~(G)



Maximum likelihood
estimation

The maximum likelihood estimation of the parameters ;*
corresponding to the distribution p_c)
that best approximate the observed network

(according to maximum likelihood estimation) takes the form




Relation between maximum
entropy and maximum likelihood

Assuming that PT(G) is the Gibbs measures of the type

P
o~ T WA

P7(G) = ——

Maximum likelihood estimation of the parameters 1 *

—

A* = argmaxTSf(Tl G)

Implies that P 7(G)is the maximum entropy ensemble with constraints fixed by the data

F(G) = <F,u(G)>ENSEMBLE = 2 P+(G)F,(G)

G'eQg;




Proof

Minimising the negative log-likelihood
~L(X|G)=-P#G) =) I,F(G)+InZ

U

We get
0Z( 1 |G dlnZ
0=22U1G) by 42 o u= 10, P
ol Z ol
Therefore
dln Z
F(G) ==L =Y PHGIFG)for u=12,..P
o,
G'eQ,

Therefore we have

F(G)= (F, ,u(G)>ENSEMBLE = Z P-(G)F,(G)

G'eQ;




Random graphs



Random graphs

G(N,L) ensemble G(N,p) ensemble
_ Graphs with N nodes
Graphs with exactly Each pair of nodes linked
N nodes and with probability p
L links
Poisson
. Sparse regime distribution
==
, 2L (R :> £

TNN—1) N-1

<k>




Constraints of random
graphs
Microcanonical ensemble

We can fix the total number of links L

Zal-j:L

i<j
Canonical ensemble

We can fix the expected total number of links L

> [Zaij]P(G)zL

GeQ; \ i



Canonical ensemble
The G(N,p) ensemble

According to the general theory of exponential random graph if
we constraint the expected total number of links the ensemble

is specified by the probabilit

where P=1  FG=Ya  C=L

i<j

Each graph G is specified by its adjacency matrix so we

P(a) = P(G)

have

can alternatively write




The G(N,p) ensemble

The probability of a network in the G(N,p) ensemble can be written as

where

are the marginal probability of having a link.
e~ 2L

_ . o L =p= = Vi, j
Since these marginal are equal for every link, i.e. Pij =P l+e?* NN-1) J

we have

P(a) — pL(l _p)N(N—l)/Z—L



Proof

Let us start by calculating the partition function

Z=Ze_'12i<fa"f= Z Z Z He"{“if

a12=0,1 a1’3=0,1 aN_l’N=O,1 l<]

=Y e Y e Y =[] Y e

a;,=0,1 a;3=0,1 ay_1 y=0.1 i<j a;=0,1
_ _N\NWN=-1)/2
= I |(1+e ’1)=(1+e ’1)
i<j

I.e.

Z=(1+ e_ﬁ>N(N—1)/2



Proof

The marginal probability of a link between node (i,j) is given by

1 1
pl’f'zfzayeﬁzﬂ“’tg 2 2 z Haije—ﬂam

a12=0,1 a153=0,1 aN_1’N=O,1 r<s

a
1 p p - p
=— Z e 2 e "3, Z a.e ... 2 e "IN-LN
zZ v

a,,=0,1 a1’3=0,1 aij=0’1 aN—l,N=O’1
—A -2
_ le_ﬂ H Z g, _ € (1 N e_A)N(N—l)/2—1 _ ¢
Z 7 : 1+ e—4
r<s|(r.s)#(.j)) a,=0,1 using f +




Proof (continuation)

Therefore the expected number of links is given by

L= ZP@[Z%-] = <2P(a)azj> = 20 =pN(N2_ )
a i<j a

i<j 1<j

and the marginal probability can be expressed as

2
 N(N-=1)

P



Proof (continuation)

"Given the distribution of the G(N,p) ensemble

1 1) a;
Pa) =—e "<V
@) Z

with partition function and marginal given by

e—/l

N(N-1)/2 —
p 1 4+e4

Z = (1+e"1)

We can easily show that the distribution factorises over contributions coming
from single links, getting

F(pla)=— Y |a,In(p) - (1 - ain(1 - p)]

ij



Maximum likelihood
estimation of p from data

Let us assume that a given network model is described by the G(N,p) ensemble,
; 1—a;, v
P(a) = H pUi(1 — p)!=% = pL(1 — pyNOV-Dr2-L
i<j

The log-likelihood of p is given by

Z(pla)=— Y a;In(p) — (1 —apn(l —p) = — Llnp — (NN — 1)/2 = L)In(1 — p)

]
where L is the exact observed number of links in the data.

By maximising the log-likelihood we get

Y% L i
wla) _ L -2 ——— =0
op p l-p

(NN—=1)/2—=Lyp—L(1 —p)=NWN - D/2p—L =0

Therefore the maximum likelihood estimation of p is




Sparse regime

In the sparse regime

the total number of links satisfies

where the average degree is constant .
Therefore the marginal probability of a link

can be written as

R O,
~ NN-1) N—-1 N

P




Degree distribution
of the G(N,p) ensemble

The degree distribution of the G(N,p) ensemble is given by
the binomial distribution

That in the large network limit converges to the Poisson
distribution

1
Pk = k) = - (k)'e™®



Entropy of the G(N,p)
ensemble

The entropy of the G(N,p) ensemble S=- Z P(a)ln P(a)

defined by the distribution
PG = [[p41 —p)'=

i<j
IS given by

_N(N— 1)

g = [pInp + (1 — p)In(1 — p)]

By inserting the explicit expression of the marginal we get




Scaling of the entropy of
the random graph G(N,p)

The entropy of the ensemble G(N,p)

obeys the following scaling with the total number of nodes N

S = —(k)N In(k)N — N(k)ln(k) + (k) + O(1)

1T

O(N InN) O(N)

The entropy is not extensive



Proof

e Starting from the expression of the entropy

g= YD [<k> In <<i>> + <1 —@> 1n<1—@>]
2 N N N N

e By expanding in the limit for N - oo

S = g(k)lnN — g(k)lnuk)] + g<k> + O(1)

e By rearranging the terms we get

S = %(k}N In(kYN — N(&)In(k) + g(k) +0(1)




Microcanonical
random graph ensemble G(N,L)

The microcanonical ensemble G(N,L) where we enforce the hard
constraints on the total number of links is determined by the distribution

where

7, = Z 5[L Z JJ <N(N—1)/2>

i<j

GeQ,

indicates the total number of simple networks of N nodes and L links



Entropy of the G(N,L)
ensemble

The entropy of the G(N,L) ensemble

IS given by

cwze (0]



Equivalence of the random
graph ensembles

The random graph ensembles G(N,p) and G(N,L) are
asymptotically equivalent.

Indeed for N> 1their entropies satisfy

2~8

(left as an exercise)



Average clustering
coefficient

The average clustering coefficient

of the nodes of a Poisson network is given by

<Ci|ki> =<_]Ii,>

Therefore it is vanishing in the large network limit



Diameter of random graphs

The diameter of the G(N,p) ensemble scales like

therefore we say that random graphs have infinite Hausdorff
dimension

dH:OO



Degree sequence

as constraint



Network ensemble
with given degree sequence

Microcanonical ensemble Canonical ensemble

P(G) _—H [

M

'/\ ] -

] N N
i ] P(G) = —e™ Zmi&m %
= Z

o
@
Ensemble of network with exact Ensemble of networks given expected
degree sequence degree sequence

Configuration model Exponential random graph



Expected degree sequence

as constraint



Canonical ensemble or exponential
random graph
with given expected degree sequence

We consider the
canonical network ensemble

iIn which we impose the N soft constraints




Canonical ensemble

Proposition

The canonical ensemble in which we fix the expected degree sequence has Gibbs
measure

1 - N N a:.
P(a) = —¢ 21‘:1’11'2,-:1 ij
Y4

Proof

This follow directly from the general Gibbs measure of canonical network ensemble

o~ 2y HF(G)
P(a) = P(G) =

where we take as constraints

N
P=N, FG=)a. C=k fori=12..N
j=1

l



Hamiltonian and
Partition Function

 The Hamiltonian of the canonical ensemble with given
expected degree sequence is given by




Proof

The canonical ensemble in which we fix the expected
degree sequence has a Gibbs measure

~H(G)
P(a) = le_zlllizj]il“if _°
Z z

that can be equivalent expressed as

P(a) = —¢~ i W0ith
Z

Indeed the Hamiltonian can be written as

N N
H(G) = Z Z a;; = Z d;j l Z " Z aij(/li + /IJ) = Z aij(li t AJ)

j=1 i,j=1,....N i,j=1,. l]=1,N i<j



Proof (continuation)

Given the expression for the Gibbs measure

The partition function of the ensemble can be written as

7 — 2 o i Giith) _ H Z o= 0+) — H (1 + e—(ﬂ,.+,1j))
a

i<j a;=0,1 i<j




Marginal and equation for
the Lagrangian multipliers

In the canonical ensemble with given expected degree sequence the marginal probability
ofalink (i, )

IS given by




Proof

The partition function of the ensemble can be written as

7 = Z 0~ Dy Arslrth) H Z o= ) — H (1 n e—(/lr+/15))
a

r<s a,=0,1 r<s

The marginal probability of the link (i,j) can be calculated as

1 1
= — _Zr<s ars(/lr-i-/ls) e _/11'_}“ _ars(/Ir+/1s)
pij = 7 E aije = Ze J I I E e
a r<s|(r,s)2(,1)) a,y=0,1

<1 + e_(lr_i_/%s)) —
r<s|(r,$)#(i)))



Proof (continuation)

The Lagrangian multipliers are fixed by the constraints,

N N N
= Zrw| |- 31 (B a2
a J=1 j=1 a j=1

_ N
ki — Zpl]
j=1

Therefore by substituting the expression of marginal in terms of the Lagrangian
multipliers we obtain

]}1:.216 -J—ﬂ:

j#i



The probability of a graphs
In terms of the marginals

When the canonical network model involves only constraints
linear on the adjacency matrix like the expected degree
sequence than the probability of a network can be written as

. . 1 _ N
In the case in which we have  p) =—e IRED Yt

This expression follows directly from the equations

Z= H <1 + e_’li_’11>

i<j

AR PP}



Entropy of canonical
ensemble

The entropy

S =— Z P(a)ln P(a)

of the canonical ensemble with Gibbs measure

1 _ v N
P(a) = —e Zi=1’1izj=1 ij
VA

can be expressed as




Entropy of canonical
ensemble

Alternatively the entropy

S =— Z P(a)ln P(a)

of the canonical ensemble can be expressed as




The entropy of the canonical ensemble
depends on the degree distribution

Exponential random graphs
with the same average degree
but different degree distribution
have
different entropy



Log-likelihood

Given a network G our aim to to model it
with a canonical network model

e_zi'ilﬂfzjz\ilaij
V4
depending on the parameters A

P(a) =

The log-likelihood of the parameters is given by

N
F(Xa)=—InPr(@) =) kk+ Y In(l+e™%)

i=1 i<j




Log-likelihood

Given the alternative expression of the probability of a network

P(a) = Hp;”(l —p)' %
i<j

where the marginal probabilities are given by

The log-likelihood can be also expressed as

F(Xlay ==Y |a;inpy+ (1 = apn(1 = py)|

i<j




Maximum-likelihood
Estimation of the parameters

Given the log-likelihood of the parameters 2

N
LANG) =Y Jk+ Y In(l +e~4H)

i=1 i<j

The maximum likelihood estimation of the parameters 1*
gives

e "

ki = <ki>ENSEMBLE =

il B
j=1



Algorithm to generate networks
In the canonical ensemble

* Given the sequence of expected degrees calculate the Lagrangian
multipliers solving the equations

* For every pair of nodes (i,j) draw a link, i.e. put

1 with probability p;
7] 0 with probability 1 - p,

with




Metropolis-Hastings
algorithm

e Start from a given network of N nodes. Calculate the Lagrangian
multipliers as in the previous algorithm.

e |terate the following procedure until convergence of observables

1. Pick randomly a pair of nodes (i, )

2. Perform the transition g — g’ with probability | TI,_ ., = min [1, >

where a’ has elements




Final remarks

In this first second of the second lesson we have covered
A. Random graphs

B. Canonical ensembles of networks with given expected degree sequence

In the next lesson we will introduce
Degree Correlations and Natural cutoffs
We will discuss the microcanonical ensemble with given degree sequence

We will expand on non-equivalence of ensembles



Correlated and Uncorrelated
networks
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Description of

correlated and uncorrelated
networks

In terms of degree classes



A network has
degree correlations
if the probability that a random
link is connected to a node of
degree K x|k’
depends on the degree K’
of the node at
the other end of the link



Assortative and
disassortative networks

In assortative networks
“hubs connect preferentially to hubs”

In disassortative networks
“hubs connect preferentially to
low degree nodes”



Assortative and
disassortative networks

Social networks
are generally assortative
Protein-interaction networks
are disassortative.
Technological networks
are generally disassortative
(ex. Internet).



Measure of degree
correlations

The most direct measure of the matrix 7 is the direct measure of the
probability

This method has some limitations

A. The network might be too sparse to have enough statistics to
reconstruct the full matrix

B. In presence of large degree the model cannot be compared directly with
the uncorrelated network limit. In order to have a null model usually the
random swapping of connection is considered.



Randomization of a network
swap of connections

> Choose two random
links linking four
distinct nodes

Maslov & Sneppen 2002



Randomization of a network
swap of connections

Maslov & Sneppen 2002

> Choose two random
links linking four
distinct nodes

> [f possible (not
already existing
links) swap the
ends of the links



Randomization of a network
swap of connections

Maslov & Sneppen 2002

> Choose two random
links linking four
distinct nodes

> [f possible (not
already existing
links) swap the
ends of the links



Direct measurement of degree
correlations

Tk Probability that nodes of degree k and k' are connected by a link

7. Same probability in randomised networks

%0 14
(a The map of
100
, ﬂk,k'
I 08

| Tk i

08
reveals the correlations in
the protein interaction map

1 3 10

bos
IQ?

ress—— ]

K %0 30

S. Maslov and K. Sneppen Science 2002



The average degree of
neighbour nodes

The average degree of the neighbours of a node is given by

iy
J=1

~

| =
.M2
Q
P

The average degree of the neighbours of nodes of degree k
IS given by

1 1
knn(k) = <_ aijkj> = S~ knn(l)
ki i K=k Nk =y

~




The average degree of
neighbour nodes

The average degree of the neighbours of nodes of degree k

Comments

* This is a more coarse grained measure for which there is better
statistics

* A monotonically increasing indicates assortative correlations
* A monotonically decreasing indicates disassortative correlations

e A drawback is that in the case in which is not monotonic we
cannot classify the correlations.



Average degree of the neighbour
of a node of degree k

Assortative networks o>0

k., .(k) ~ k”

log(Knn(k))

Uncorrelated networks a=0

Disassortative networks o<0

log (k)

Average degree

of a neighbour of a k,, (k) = <%Zaijkj>
node of degree k K=k

l ]=1




Disassortative correlations in the
Internet at the AS level

The average degree of the neighbours of
nodes of degree k

107

1 ‘
(k) = <; 2 a,,-k,-> £ N
Lj=1 K=k | e MR Ve an

10" b a--aGBA Vg
¥---7 Fimess T ey
m ASOR
reveals that the e
: Y n! n2 ~3
the Internet at the AS level is 10 10 10 10
.[..

disassortative

Vazquez et al. PRL (2001)



Newman correlation
coefficient

The Newman correlation coefficient is a global parameter
that provides a unique number re[-1,1]

given by ,
zk,k/ kk (ﬂk,k’ _ Qka’)

N > Kq - (Zk qu>2

We have a classification of the networks depending on the
sign of r

r > (0 assortative network
r < 0 disassortative network




Description of

correlated and uncorrelated
networks

In terms of node labels



Uncorrelated networks

Definition

In uncorrelated networks
in which each node i has expected degree k;
the probability that a random link
connects a node / at one end to a node J at the other end
Is given by

33
T (N




Uncorrelated networks

Proposition
In an uncorrelated network in which each node i has
expected degree k; the probability that a random link is
connected to node i given that is connected to node j a

the other end is given by

k.

Comments
e The probability ¢; only depends on the degree of node i and is

independent of node j

e The probability ¢;can be interpreted as the probability that in
an uncorrelated network we reach node i by following the link of
any random node



Proof
| | kik;
Given the the expression i T (ONY?

we want to show that in uncorrelated networks we have

k
VN
TT;;
According to the Bayes rule we have  7%j; = —y
zj’:lﬂjjl

k.
(k)N)

N N
The denominator reads Z Z ((k)N)2 _

Therefore we have

e ) e
VIR m N\ )k ) TN T




Example

The probability that a random link connects
node i to node j is given by

Example
. -
o @

J

33
1T (N2

=

2 3

"1 RN (N

The probability that the link connects one end to node i is —

The probability that the link connects the other end to node j is -



Marginal probability in
uncorrelated simple networks

Proposition

In uncorrelated simple networks the probability that a node i is linked to a node j
IS given by

Kk
(N

pij

Proof
In an uncorrelated network the expected number of links between node | and
node j is given by
_ _ l_cil_cj l_cil_cj
n; = 2Lm; = ((K)N)— = —
(kYN)?>  ((k)N)

Since the network is by hypothesis simple

bl

ll_cj
pij = <alj> = nij =

~ ({(k)N)



Example

The probability that a node connects kk

node i to node j is given by Py = ((,-;)j )
N

Example

T
\.... 3
o -9 py=2

J (k)N

The probability that one link of node i 3
connects nodeitonode jis (k)N

Since node i has an expected degree
there is a factor 2

Pl



Structural cutoff

Simple uncorrelated networks
must necessarily have the
structural cutoff

KS:\/@V

I.e. the expected degrees of the nodes should be smaller
than the structural cutoff




Proof

In uncorrelated network the probability that two nodes are connected is

Kk
P = <1Vije {12...,N}

(k)N

Therefore taking k, = IEJ. = K =maxk, we must necessarily have

_ K <1
Pi =N =
It follows that
K < Kg=+/(k)N



The natural cutoff of
scale-free networks

For scale-free networks with degree distribution
P(k) ~ Ck™
the
natural cutoff
(maximum degree of a network of N nodes
if no constraint on the maximum degree is imposed
scales like

K:[{NNNﬁ




Natural and structural cutoff of scale-
free networks

For scale-free networks with degree distribution

P(k) ~ Ck™7 for k > 1

the
natural cutoff is larger than the structural cutoff

for

y <3




Uncorrelated
scale-free networks

Sparse uncorrelated networks with
power-law exponent ¥ must have
a maximum degree K (cutoff)
that scales like

K ~ min [Ny—;l,N%]




Maximum entropy ensembles
Degree sequence

as constraint



Expected degree sequence

as constraint



Canonical ensemble or exponential
random graph
with given expected degree sequence

We consider the
canonical network ensemble

iIn which we impose the N soft constraints




Canonical ensemble

Proposition

The canonical ensemble in which we fix the expected degree sequence has Gibbs
measure

1 - N N a:.
P(a) = —¢ 21‘:1’11'2,-:1 ij
Y4

Proof

This follow directly from the general Gibbs measure of canonical network ensemble

o~ 2y HF(G)
P(a) = P(G) =

where we take as constraints

N
P=N, FG=)a. C=k fori=12..N
j=1

l



Marginal and equation for
the Lagrangian multipliers

In the canonical ensemble with given expected degree sequence the marginal probability
ofalink (i, )

IS given by




Natural correlations

Since the marginal probabilities

do not factorise in terms depending exclusively on single nodes,
the configuration model leads to
natural correlations
which are

disassortative



Evidence of disassortative
correlations

Average degree of the neighbour World-Trade network
of a node in the data

..............

l ¢ 150F = :
lj=1 | .

ki=k £~ 100f
Expected average degree of e
the neighbour of a node in the = S0
canonical network ensemble 0:
.y 0 50 100 150
kan0) = = 2 Kipy k
el k=k

Squartini, et al. Randomizing world trade I. (2011)



Uncorrelated Iimit

Only in presence of the structural cutoff

KS=\/@V

where the expected degree are bounded

k. < Kg=+/(k)N Vie({l,2,...,N)

The configuration model is an uncorrelated network and the marginal
probabilities read




Proof

—,
If we assume ek

A=A
e "
. _ ~ A
We can express the marginals as P = L4 otts € "

Enforcing the expected degree we get

N

—1

~

Therefore L

with Q defined as



Proof (continuation)

N N

The equation 0= Z e = Z
implies that S

P 0>= Yk = (N

Therefore -
Q =4/ (k)N

We get that the initial hypothesis is only satisfied for

e~ < 1iff k; <1/ (k)N



Entropy of the ensemble

Given that the Gibbs entropy for the canonical ensemble
with given expected degrees factories in single links
contributions

P@) =] ]p - pp'=

i<j
The entropy of the canonical ensemble

S=- ) P(a)nP(a)

can be written as

N
§== 3 |pylnpy+ = ppini - p))|

i<j




Entropy of the canonical
ensemble

In the uncorrelated limit, when the marginal probabilities are given by
_ kik;

(k)N
The entropy of the canonical ensemble

pij

N
§== D |pynpy+ (1 = ppinct = py)]

i<j

can be written as




Entropy of the canonical ensemble
in the uncorrelated network limit

In the uncorrelated limit, the entropy of the canonical ensemble scales like

$ = (BN In(RIN) - Z““" + N~ 1<<<_k2>>>

o(N)

Sublinear
Only dependent Dependent on but diverging with N

on the average degree the degree distribution ., power-law networks




Proof

In the uncorrelated limit, the entropy of the canonical ensemble is given by

| [zz,.zzj Kk < /z,.‘j> < Kk )}
S=—=Y | =—=h——+|1-—=|In| 1-—
24 (BN (RN (k)N (k)N

Using the expansions

1
In(l —x)~ —x——x?forx < 1
2
1 2
(l—x)ln(l—x)z—x+5x for x < 1

with X = —
(k)N

1 _ A 1<1'<2>2
§ = —(RNIn((B)N) - ; kiink; +—(k)N = — <W)



Proof

In the uncorrelated limit, the entropy of the canonical ensemble scales
like

2
~ —((k)N)ln((k)N) - 2 kInk, +— (k)N - <%>
i=1
Using the entropy of the random graph G(N,p) we get

| _ - _ |
SGNp=(kyIN = E(<k>N In((k}N) — N(k)Ink) + E<k>N

can be written as

2
S = Sevp=(yn) ~ Zk Ink +N<k>ln(<k>)__<%)
i=1



Entropy of the canonical ensemble
in the uncorrelated network limit

In the uncorrelated network limit, the entropy of the canonical ensemble scales like

2
2
S 2 SN p=(RyIN) — Zk Ink; + N(R)In((k)) = 7 <<<k_k>>>
i=1

T

o(N
O(N In N) O(N) )
Sublinear
Only dependent Dependent on but diverging with N

on the average degree the degree distribution ., power-law networks



True degree distribution of
node | in the uncorrelated limit

In the uncorrelated network limit
the probability that node i has degree k,
IS given by a Poisson distribution

with average given by the expected degree &, of node i




